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In this paper, we prove a result that if two entire functions share one small
function CM and two other small functions IM, then f is a quasi-Mo¨bius trans-
formation of g, which generalizes G. G. Gundersen’s 2CM + 2IM Theorem (see
G. G. Gundersen, Trans. Am. Math. Soc. 277 (1983), 545–567, and G. G. Gundersen,
Trans. Am. Math. Soc. 304 (1987), 847–850) from sharing values to sharing small
functions, in the case where both f and g are entire functions.  2001 Academic Press
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1. INTRODUCTION AND THE MAIN RESULT
In this paper, we use the same symbols as given in Nevanlinna theory
of meromorphic functions (see [1, 2]). By Sr f  we denote any quantity
satisfying Sr f  = oT r f  as r → +∞, possibly outside a set of r of
ﬁnite linear measure. We denote the set as E. It is not necessarily the same
when it appears. If two meromorphic functions f and g have the same
a-point with the same multiplicities (ignoring multiplicities), then we say f
and g share the value a CM (IM). A meromorphic function az is said to
be a small function of f if and only if T r az = Sr f  We say that f
and g share the function az CM (IM) if f z − a and gz − a have the
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same zeros with the same multiplicities (ignoring multiplicities). We denote
by Nq	r f  (resp. 
Nq	r f ) the counting functions of the poles of f with
multiplicity q, with each point counted q times (resp. only once).
Let h1z and h2z be two non-constant meromorphic functions, and
let az (or ∞) be the common small function of h1z and h2z. We
denote by 
Nr h1z = az = h2z (resp. 
NEr h1z = az = h2z)
the counting function of those common az-points of h1z and h2z,
regardless of multiplicity (resp. with the same multiplicity). Each point is
counted only once.
(i) If 
Nr 1/hjz − az − 
NEr h1z = az = h2z =
Sr hj j = 1 2, then we say that h1z and h2z share a small
function az CM∗.
(ii) If 
Nr 1/hjz − az − 
Nr h1z = az = h2z = Sr hj
j = 1 2, then we say that h1z and h2z share a small function az
IM∗.
Furthermore, we denote by 
NDr h1z = az = h2z the counting
function of those common az-points of h1z and h2z with the different
multiplicities, with each point counted only once regardless of multiplicity,
and we know

Nr h1z = az = h2z ≡ 
NEr h1z = az = h2z
+ 
NDr h1z = az = h2z
We denote by Sk lf = a = g the set of all points which are zeros
of f z − az with multiplicity k as well as the zeros of gz − az with
multiplicity l. Denote by 
Nklf = a = g the reduced counting functions
of f and g corresponding to the set Sklf = a = g. Obviously, we have

N
(
r
1
f − a
)
=
∞∑
kl=1

Nklf = a = g + Sr f 
provided that f and g share a IM∗.
In 1929, Nevanlinna proved the following well-known result, which is the
so-called Nevanlinna four-value theorem.
Theorem A (see [3]). Let f and g be two non-constant meromorphic
functions. If f and g share four distinct values CM, then f is a Mo¨bius trans-
formation of g.
In 1979, G. G. Gundersen proved the following result, which is an
improvement of Theorem A.
Theorem B (see [4]). Let f and g be two non-constant meromorphic
functions. If f and g share three distinct values CM and a fourth value IM,
then f is a Mo¨bius transformation of g.
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In 1983, G. G. Gundersen proved the following further result, which is
an improvement of Theorem B.
Theorem C (see [5, 6]). Let f and g be two non-constant meromorphic
functions. If f and g share two distinct values CM and two other distinct
values IM, then f is a Mo¨bius transformation of g.
As we know, many results on constants are also valid for small functions,
although sometimes they are very difﬁcult. In this paper, we shall study this
problem.
We say that f is a quasi-Mo¨bius transformation of g, if there exist four
small functions bizi = 1     4 of f and g with b1b4 − b2b3 ≡ 0 such
that f = b1g + b2/b3g + b4. We denote this as f = T g.
In 1995, Li and Yang proved the following two results, which generalize
Theorem A and B to small functions.
Theorem D (see [11]). Let f and g be two non-constant meromorphic
functions, and let aj j = 1     4 be distinct small functions of f and g. If f
and g share aj j = 1 2 3 4 CM∗, then f is a quasi-Mo¨bius transformation
of g.
Theorem E (see [11]). Let f and g be two non-constant meromorphic
functions, and let aj j = 1     4 be distinct small functions of f and g. If
f and g share aj j = 1 2 3 CM∗ and a4z IM∗, then f is a quasi-Mo¨bius
transformation of g.
We can get the following results easily:
Remark. If we replace CM with CM∗ and replace IM with IM∗ in
Theorems A, B, and C, respectively, the results of Theorems A, B, and
C are still valid.
In this paper, we obtain the following result, which generalizes the result
in Theorem C from sharing values to small functions, in the case where
both f and g are entire functions.
Theorem 1. Let f and g be two non-constant entire functions, and let
aiz i = 1     3 be three distinct small functions of f and g. If f and g
share aiz i = 1 2 IM and a3z CM; then f is a quasi-Mo¨bius transfor-
mation of g.
2. SOME LEMMAS AND NOTATIONS
Set
S0 = zaz = 0 or 1 or ∞
The following lemmas will be used in our proof.
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Lemma 1 (see [13]). For meromorphic functions f z, az, and bz
f z az, and bz ≡ ∞, az and bz are distinct small functions of
f . We let
Lf a b =
∣∣∣∣∣
f f ′ 1
a a′ 1
b b′ 1
∣∣∣∣∣ 
Then we have
Lf a b ≡ 0
and
m
(
r
Lf a bf k
f − af − b
)
= Sr f  k = 0 1 (2.1)
Lemma 2. Let f and g be two non-constant entire functions, and let
az≡ 0 1 be a small function of f and g. If f and g share az CM,
and share 0, 1 IM, set
η1 =
Lf 0 af − 1
f f − a −
Lg 0 ag − 1
gg − a 
η2 =
Lf 1 af
f − 1f − a −
Lg 1 ag
g − 1g − a 
η = η1η2
=
[
Lf 0 af − 1
f f − a −
Lg 0 ag − 1
gg − a
]
×
[
Lf 1 af
f − 1f − a −
Lg 1 ag
g − 1g − a
]
 (2.2)
Then T r η = Sr f .
Proof. Since entire functions f and g share 0, 1 IM, from Nevanlinna’s
Second Fundamental Theorem we have Sr f  = Sr g. Noting Lemma 1,
we get mr η = Sr f .
Notice that f and g share 0 and 1 IM, and share az CM, if we let z0 be a
common zero of f and g with different multiplicities, and z0 ∈ S0, then z0 is
a simple pole of η1. But z0 is a zero of η2 with a multiplicity of at least one,
so we know that η is analytic at z0. If z0 is a common zero of f and g with
the same multiplicity, and z0 ∈ S0, then it is easy to see that η is analytic
at z0. Meanwhile, let z1 be a common 1-point of f and g with different
multiplicities, and z1 ∈ S0; then z1 is a simple pole of η2. But z1 is a zero
of η1 with a multiplicity of at least one, so we know that η is also analytic
at z1. If z1 is a common zero of f − 1 and g− 1 with the same multiplicity,
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and z1 ∈ S0, then it is easy to see that η is analytic at z1. Because f and g
share az CM, any az-points are analytic points of η. Noting that az
is a small function of f and g, we have Nr η = Sr f  Thus
T r η = Sr f 
Lemma 3. Under the assumption of Lemma 2, if we suppose η ≡ 0, then
f = T g.
Proof. From the assumption of Lemma 2, and noting that η ≡ 0, we
know that η1 ≡ 0 or η2 ≡ 0. If η1 ≡ 0, we know that f and g share 0 and
az CM∗ and share 1 IM∗. Noting that both f and g are entire functions,
from Theorem E we know that f = T g. Similarly, if η2 ≡ 0, we know
that f and g share 1 and az CM∗ and share 0 IM∗. Noting that both f
and g are entire functions, from Theorem E we also have f = T g.
3. PROOF OF THEOREM 1
Without loss of generality, we suppose that a1z = 0, a2z = 1, a3z =
az ≡ 0 1.
If az ≡ constant, from Theorem C we know that the result of
Theorem 1 is valid. In the rest of this section, we assume that az ≡
constant.
Let
η0 =
f ′ − a′
f − a −
g′ − a′
g − a  (3.1)
η1 =
Lf 0 af − 1
f f − a −
Lg 0 ag − 1
gg − a  (3.2)
η2 =
Lf 1 af
f − 1f − a −
Lg 1 ag
g − 1g − a  (3.3)
η = η1η2
=
[
Lf 0 af − 1
f f − a −
Lg 0 ag − 1
gg − a
]
×
[
Lf 1 af
f − 1f − a −
Lg 1 ag
g − 1g − a
]
 (3.4)
If η ≡ 0, then from Lemma 3 we know that Theorem 1 holds. In the
following discussion, we suppose η ≡ 0. So we have η1 ≡ 0 and η2 ≡ 0.
From the above assumptions and Lemma 2 we get
T r η0 + T r η = Sr f  (3.5)
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T r η1 ≤ 
NDr f = 0 = g + Sr f 
T r η2 ≤ 
NDr f = 1 = g + Sr f 
(3.6)
and
N
(
r
1
η1
)
> 
N
(
r
1
f − 1
)
− Sr f 
N
(
r
1
η2
)
> 
N
(
r
1
f
)
− Sr f 
(3.7)
From (3.6), (3.7), and Nevanlinna’s First Fundamental Theorem, we get

N
(
r
1
f − 1
)
= 
N
(
r
1
f
)
+ Sr f  = 
NDr f = 1 = g + Sr f 
= 
NDr f = 0 = g + Sr f  (3.8)
If there exists an I ⊂ R+, mes I = +∞, such that

N
(
r
1
f
)
<
1
300
T r f 
then from (3.8) and Nevanlinna’s Second Fundamental Theorem for small
functions, we get

Nr f  > 34T r f  + Sr f  r ∈ I\E (3.9)
Noting that f is an entire function, this is a contradiction. So we have

N
(
r
1
f
)
>
{
1
300
+ o1
}
T r f  r →+∞ r ∈ E (3.10)
From (3.8) and (3.10) we know

NDr f = 0 = g>
1
400
T r f 

NDr f = 1 = g>
1
400
T r f  r ∈ E
(3.11)
So there exist p1 and p2 ∈ N\1 and h1 and h1 ∈ f g such that

Np1	
(
r
1
h1
)
= Sr f  
Np2	
(
r
1
h2 − 1
)
= Sr f  (3.12)
In fact, if the ﬁrst formula of (3.12) is not true, noting (3.8), this is equal to
saying that 
Nk lr f = 0 = g = Sr f  holds for all pairs k l of positive
integers.
By Nevanlinna’s Second Fundamental Theorem, we can easily get
T r g ≤ 3T r f  + Sr g ≤ 3T r f  + Sr f 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Now we select an integer n such that n ≥ 2000. It follows from the assump-
tion, (3.11), and (3.8) that
1
400
T r f  < 
ND
(
r f = 0 = g
)
= 
N
(
r
1
f
)
+ Sr f 
=
∞∑
kl=1

Nklr f = 0 = g + Sr f 
= ∑
k+l>n

Nklr f = 0 = g + Sr f 
≤ 1
n
[ ∑
k+l>n
Nkl
(
r
1
f
)
+ ∑
k+l>n
Nkl
(
r
1
g
)]
+ Sr f 
≤ 1
n
[
N
(
r
1
f
)
+N
(
r
1
g
)]
+ Sr f 
≤ 1
n
T r f  + T r g	 + Sr f 
≤ 1+ 3
2000
T r f  + Sr f  ≤ 1
500
T r f  + Sr f 
This is a contradiction. So the ﬁrst formula of (3.12) holds. Similarly, we
can prove that the second formula of (3.12) holds.
Let 
N∗r b be a counting function only for the common multiple
b-points of f and g, each point counted only once. If

N∗r 1 + 
N∗r 0 = Sr f 
then from (3.5) and the ﬁrst fundamental theorem we have η0 ≡ 0. Then
we can easily get f ≡ g. So we have η ≡ 0. This is a contradiction. Hence
we have η0 ≡ 0, and

N∗r 1 + 
N∗r 0 = Sr f  (3.13)
Noting that f and g are symmetric, we only need to consider the follow-
ing two cases. (Other cases can be considered similarly.)
Case 1. h1 = f h2 = f That is,

Np1	
(
r
1
f
)
= Sr f  
Np2	
(
r
1
f − 1
)
= Sr f  (3.14)
Set
 = η− 1− p1η0a′ + aa− 1η0	 (3.15)
 = η− 1− p2η0−a′ + aa− 1η0	 (3.16)
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Let z0 ∈ Sp11f = 0 = g\S0. Then we have z0 = 0. From this and
noting (3.5), (3.13), (3.14), and Nevanlinna’s First Fundamental Theorem,
we have  ≡ 0, i.e.,
η ≡ 1− p1η0a′ + aa− 1η0	 (3.17)
Let z1 ∈ Sp2 1f = 1 = g\S0. Then we have  z1 = 0. From this and
noting (3.5), (3.13), (3.14), and Nevanlinna’s First Fundamental Theorem,
we have  ≡ 0, i.e.,
η ≡ 1− p2η0−a′ + aa− 1η0	 (3.18)
Noting that η0 ≡ 0, from (3.17) and (3.18) we have
2 − p1 − p2
a′
aa− 1 ≡ p1 − p2η0 (3.19)
Since p1 ≥ 2 and p2 ≥ 2, if p1 = p2, from (3.19) we have a′z ≡ 0, i.e.,
az ≡ constant. This is a contradiction.
If p1 = p2, then from (3.19) we have
(
f − a
g − a
)p1−p2
≡ K
(
a− 1
a
)2−p1−p2
 (3.20)
Here K is a constant. From (3.14) and (3.20) we deduce that az ≡ con-
stant. This is a contradiction.
Case 2. h1 = f h2 = g Then we have

Np1	
(
r
1
f
)
= Sr f  
Np2	
(
r
1
g − 1
)
= Sr f  (3.21)
Similar to Case 1, we have
ηz ≡ 1− p1η0za′z + azaz − 1	η0z (3.22)
and
ηz ≡ 1− p2η0za′z + azaz − 1	η0z (3.23)
If p1 = p2, we can get a ≡ constant or η ≡ 0. These are contradictions.
So we have p1 = p2.
Obviously, both p1 and p2 are unique. Furthermore, from (3.8) and the
above discussion, we see that ∀ ν ∈ N\p1. We have

Nν	
(
r
1
f
)
+ 
Nν	
(
r
1
g − 1
)
= Sr f  (3.24)
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If not, without loss of generality, we suppose that there exists a ν1 ∈ N\p1
such that

Nν1	
(
r
1
f
)
= Sr f 
If ν1 = 1, then we have

N1	
(
r
1
f
)
= 
Np3	
(
r
1
g
)
= Sr f  p3 ≥ 2
From (3.21) we know

Np2	
(
r
1
g − 1
)
= Sr f 
Noting that f and g are symmetric, as in Case 1, we can get a contradiction.
If ν1 ≥ 2, from the uniqueness of p1, we know this is impossible. So
(3.24) holds.
Noting that p1 ≥ 2, from (3.24), Nevanlinna’s First Fundamental Theo-
rem, and Nevanlinna’s Second Fundamental Theorem for small functions,
we have

N
(
r
1
f − a
)
>
{
1
2
− o1
}
T r f  r ∈ J\E (3.25)
Let z∗ ∈ Sf = a = g\S0. Then we have
η1z∗ = az∗ − 1	η0z∗ +
f ′z∗ − g′z∗
az∗  (3.26)
η2z∗ = az∗η0z∗ −
f ′z∗ − g′z∗
az∗ − 1  326
′
So we have
ηz∗ = η1z∗η2z∗
= az∗az∗ − 1	η20z∗ −
f ′z∗ − g′z∗	2
az∗az∗ − 1	  (3.27)
Noting (3.25), we know either 
N2r 1f−a = Sr f  or 
N1r 1f−a = Sr f .
If 
N2r 1f−a = Sr f , let z∗ ∈ Sppf = a = g\S0 p ≥ 2. From (3.27)
we have
ηz∗ = η1z∗η2z∗ = az∗az∗ − 1	η20z∗ (3.28)
Therefore,
ηz ≡ azaz − 1	η20z (3.29)
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Set
δ1z =
f ′
f
− p1
g′
g
 (3.30)
and
δ2z = p1
f ′
f − 1 −
g′
g − 1  (3.31)
Then from the above discussion we have
T r δ1z + T r δ2z = Sr f 
Let z0 ∈ Sp11f = 0 = g\S0. Then we have
η0z0 =
0− a′z0
0− az0
− g
′z0 − a′z0
0− az0
= g
′z0
az0

and
δ2z0 = g′z0
So we have
η0z0 =
δ2z0
az0

Noting (3.21), we have
η0z =
δ2z
az  (3.32)
Let z1 ∈ S1p1f = 1 = g\S0. Then we have
η0z1 =
f ′z1 − a′z1
1− az1
− 0− a
′z1
1− az1
= f
′z1
1− az1

and
δ1z0 = f ′z1
So we have
η0z1 =
δ1z1
1− az1

Noting (3.21), we have
η0z =
δ1z
1− az  (3.33)
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From (3.32) and (3.33) we have
δ2z
az =
δ1z
1− az  (3.34)
So we have
1− a
(
p1
f ′
f − 1 −
g′
g − 1
)
= a
(
f ′
f
− p1
g′
g
)
 (3.35)
If 
N1r 1f−a = Sr f , let z∗ ∈ S11f = a = g\S0. Substituting z∗ in
(3.35), we have
1+ p1g′z∗ = 1+ p1f ′z∗
So we have
f ′z∗ = g′z∗ (3.36)
Then we get
ηz∗ = η1z∗η2z∗ = az∗az∗ − 1	η20z∗ (3.37)
Therefore,
ηz ≡ azaz − 1	η20z (3.38)
From (3.29) and (3.38) we know, in any case, that we have
ηz ≡ azaz − 1	η20z (3.39)
From (3.22) and (3.39), and noting that η0 ≡ 0, we have
p1
(
f ′ − a′
f − a −
g′ − a′
g − a
)
≡ p1 − 1
(
a′
a
− a
′
a− 1
)
(3.40)
So we have (
f − a
g − a
)p1
≡ K
(
a
a− 1
)p1−1
 (3.41)
From (3.21) and (3.41), we get az ≡ constant. This is a contradiction.
So we obtain either f ≡ g or a ≡ constant. From Theorem C we obtain
f ≡ T g.
This completes the proof of Theorem 1.
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